Introduction
Tides and tidal current are predominant phenomena in shallow coastal seas to control physical and biochemical environments (e.g. Simpson and Sharples 2012) . Their roles includes not only the horizontal transport such as water exchange between coastal open seas through a narrow channel (e.g. Awaji et al. 1980 ), but also the vertical mixing, which essentially controls the primary production.
While a summer heating stratifies the water column against tidal (wind) mixing in some regions, stronger tidal mixing keeps its vertical homogeneity against the heating in other regions. The so-called tidal mixing front formed in between is considered to play a crucial role in enhancing the primary production. Since it was first reported in the Irish Sea by Simpson and Hunter (1974) , similar features have been detected in coastal regions throughout the world (e.g. Garrett et al. 1978; Pingree and Griffiths 1978; Lie 1989; Yanagi and Tamaru 1990; Glorioso and Flather 1995; Kobayashi et al. 2006) . Simpson and Hunter (1974) proposed an index of the location where the tidal front is formed, based on the energetic balance that the potential energy loss due to surface heating is just canceled by the turbulent kinetic energy due to tidal flow at the front. That is, the front is formed along isolines of the following parameter, where H is the water depth and U the amplitude of tidal current (depth-mean tidal velocity), Q the surface heat flux,
(1) H U 3 = 8C p kǫρ 3παgQ ,
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C p the specific heat of seawater, α the thermal expansion rate, g the acceleration due to gravity, k a constant in the quadratic friction law, and ǫ the efficiency of the energy conversion from the turbulent kinetic energy to the potential one (efficiency of tidal mixing).
Provided that parameters on the right-hand side of Eq. (1) are constant at least regionally, the logarithm of H/U 3 which is called Simpson-Hunter (stratification) parameter (SH parameter) is a useful index for the position of tidal front. However, its value at the front varies by location around the world over the range of 1.0-2.5 (e.g. Simpson and Hunter 1974; Garrett et al. 1978; Pingree and Griffiths 1978; Lie 1989; Yanagi and Tamaru 1990; Glorioso and Flather 1995; Kobayashi et al. 2006) . This implies that SH parameter may not be a universal index for the location of tidal mixing front.
To consider this problem, turbulent properties of the tidally induced bottom boundary layer (TBBL) is a key factor because whether a tidal front is formed or not depends on whether the TBBL reaches the sea surface or not. Executing a direct numerical simulation (DNS) experiment, Sakamoto and Akitomo (2006 , 2009 found that the efficiency of tidal mixing ǫ is not constant, but varies depending on the tidal amplitude, frequency, and Earth's rotation, as well as the height of TBBL itself, although their experiment was done in a deep sea with an initially stratified condition. On the observational side, recent advances in observation technologies have allowed us to measure fine structures of turbulent field in coastal seas (e.g. Tsutsumi and Matsuno 2012) . Nevertheless, we still know little about properties of TBBL because fine-scale observations, as well as model studies of turbulent tidal flow are not enough.
In this study, therefore, we investigate how properties of TBBL such as its height and the efficiency of mixing are determined in a shallow sea under a surface-heating condition with scale argument and DNS model experiment. We first seek for appropriate scalings of the TBBL applying the existing scaling argument in Sect. 2. After that, DNS experiment is carried out to validate them in Sect. 3, and we summarize and discuss findings of the present study in Sect. 4.
Scalings of the TBBL

Height of the TBBL
As for the height of the turbulent boundary layer in oceans, as well as the atmosphere, a scaling argument has been often used under neutral and stable conditions (e.g. Zilitinkevich et al. 2007; Yoshikawa 2015) . According to Zilitinkevich et al. (2007) , for example, the height of the planetary boundary layer h E in the atmosphere is determined through the linear interpolation among the squared reciprocals of three fundamental scales, h R , h CN , and h NS , h R is the height of the turbulent boundary layer under a neutral condition, h CN that under a stable one with the background stratification N 2 , and h NS that under a stable one with the buoyancy flux B s (= −αQg/ρC p ), defined as follows.
where u * is the friction velocity, f the Coriolis parameter, and C R , C CN and C NS are empirical constants. In the actual situation, h E is determined by the smallest one (or smaller ones) of these heights depending on background conditions. Analyzing the global dataset, Yoshikawa (2015) found that the surface mixed layer thickness in the ocean is scaled by the first and third terms during a spring heating season.
Similar scaling argument must be valid for the TBBL. Executing numerical experiments with a DNS model, Akitomo (2008, 2009 ) comprehensively investigated turbulent properties of the TBBL including its height. According to them, the tidally averaged height of the TBBL under a neutral condition H hom is given by where u * is the tidally averaged friction velocity, σ the tidal frequency, and C H the empirical constant (∼0.7). They advanced their research to the TBBL in an initially stratified deep ocean to suggest that the efficiency of tidal mixing ǫ may change depending on the ratio of H hom to the height of TBBL.
The difference of the TBBL under heating from other boundary layers, such as wind-driven surface mixed layers in oceans and planetary boundary layers in the atmosphere, is that the buoyancy forcing acts on the top boundary of the water column while the energy source of turbulence is located near the bottom boundary on the opposite side. In this situation, all the imposed buoyancy energy is not necessarily offset by the turbulent mixing. That is, when the TBBL does not reach the sea surface, only a part of the imposed buoyancy energy balances the turbulent mixing in the TBBL and the remaining is used to stratify the layer above the TBBL. This is a great contrast to other boundary layers where sources of buoyancy and turbulence are usually located on the same side of the fluid layer and directly compensate for each other in an equilibrium state.
To seek scalings appropriate to the TBBL in such a situation, we consider a simple model as follows (Fig. 1) . Tidal current with an amplitude of U tide , or its friction velocity Instead of doing so, we simplify this equation by estimating magnitudes of the two terms in the square root of the denominator on the right-hand side. Considering a shallow sea at midlatitudes, the factor |σ + f | is on the order of 10 −4 s −1 for semidiurnal tides, and the factor B s H tbbl /Hu 2 * is on the order of 10 −2 s −1 with B s ∼ 10 −8 m 2 s −3 (Q ∼ 20 W m −2 ), u * ∼ 10 −3 ms −1 , and H tbbl /H ∼ 1. Using these scales with the empirical constants C H and C NS of nearly unity (e.g. Sakamoto and Akitomo 2008; Zilitinkevich et al. 2007 ), the second term in the square root must be two orders of magnitude larger than the first one. Thus, neglecting the first term and solving Eq. 6 in terms of H tbbl , we obtain as the scaling of H tbbl , where
, It should be noted that this scaling includes the water depth H in the numerator of the cubic root. This is because the effective buoyancy flux B * s decreases with H (see Eq. 5), and such dependency never appears in the scaling for other boundary layers. The buoyancy flux imposed at the sea surface becomes difficult to reach a deeper layer as H increases, and then turbulent mixing can reach the level farther from the bottom. It is also worth noting that Eq. 6 includes the scaling for the homogeneous ocean (H hom ), when B s = 0, or, in the limit of H → ∞.
Another scaling is possible using the buoyancy frequency N in the stratified layer formed above the TBBL. That is,
This expression is similarly approximated to
Although N is not an external parameter, but determined as the result of the interaction of buoyancy flux and tidal stirring, this scaling has the advantage that N can be easily estimated from hydrographic observations. We will evaluate this scaling as well as Eq. 7 by DNS experiment in Sect. 3.
Efficiency of the energy conversion
Based on the scaling of the TBBL height (Eq. 7) with scalings of the production rate of turbulent kinetic energy (P i -term) and the conversion rate from the turbulent kinetic energy to the potential energy (B i -term), we can obtain a scaling of the efficiency of tidal mixing ǫ(≡ B i -term/P iterm) in the TBBL. Note that P i -and B i -terms here are vertically integrated positive amounts [tagged by superscript (i)], which are different from those in Sect. 3. Using basic scales such as H, u * , B s , and H tbbl with constants C P and C B , the P i -and B i -terms are formally scaled by and the efficiency ǫ is given by the ratio of these terms as where C BP ǫ = C B /C P . With the aid of Eq. 7, the B i -term and ǫ are rewritten with external parameters as,
(10) where
This scaling indicates a very simple relation that the efficiency ǫ is proportional to the ratio of the TBBL heights between homogeneous and surface-heated oceans. It may be a merit in evaluating ǫ from hydrographic observations. Sakamoto and Akitomo (2009) suggested the similar dependency on the ratio H hom /H tbbl by DNS experiment although their experiment was executed in a deep sea with an initially stratified condition.
When the TBBL reaches the sea surface (i.e., H tbbl = H ), Eq. 13 says that the efficiency ǫ is proportional to H hom /H. It is this expression that must appear on the right-hand side of Eq. 1 which defines the SH parameter. Accordingly, the critical value of the SH parameter may change depending on the variable efficiency ǫ. It is interesting that the efficiency increases with u * when the TBBL reaches the sea surface, whereas it decreases with u * when it does not (Eq. 12). In the next section, we will examine validity of the scalings obtained here, performing DNS experiment under a constant heating for wide ranges of parameters.
Validation with DNS experiment
Model configuration
To validate the scalings obtained above, we execute a three-dimensional experiment with DNS (direct numerical simulation) model, which is the same as in Akitomo (2008, 2009) . The model basin is rectangular as shown in Fig. 2 , and the coordinate system (x, y, z) is set for the z axis upward. The governing equations are the momentum equation in the rotating frame, the continuity ). k is the unit vector directing upward, and ∇ and are the three-dimensional gradient and Laplacian operators, respectively. Buoyancy b is defined by −ρg/ρ 0 where ρ 0 is reference water density (1.027×10 3 kg m −3 ), ρ the deviation from it, and g the acceleration due to gravity (9.8 m s −2 ). Although it has been reported that the horizontal component of Earth's rotation causes temporal change of turbulent properties of the TBBL within a tidal cycle (e.g. Wakata 2013), we do not take it into account here because we focus on the tidally averaged statistics of turbulence, which are said not to be affected by the horizontal component of Earth's rotation (Sakamoto and Akitomo 2008) .
The model domain is periodically connected in the horizontal direction (x = 0, L x and y = 0, L y ), and no-slip and free-slip conditions are imposed at the bottom (z = 0) and the rigid sea surface (z = H), respectively. That is, For buoyancy, the no-flux condition is imposed at the bottom and constant flux B s at the sea surface, given by As is the same in Akitomo (2008, 2009) , the background tidal current u tide = (u tide , v tide , 0) is imposed as the model forcing instead of sea surface elevation. Assuming the temporally oscillating pressure gradient in the x-direction, we analytically determine u tide in order that it should turn to the major axis at every half tidal cycle [see Appendix and Akitomo (2006, 2008) for the detailed derivation]. u tide is characterized by the amplitude U tide , the frequency σ, and the vertical scale of the viscous bottom boundary layer H tide , which is given by Table 1 . Note that U tide always represents the major-axis length of tidal ellipse.
The Reynolds number Re and the temporal Rossby number Ro t , which are defined by range from 1410 to 4000 and from 0.5 to 4.0, respectively. Because of limited computational resources, the range of Re is rather small compared to the real oceans (Re = 10 5 -10 6 ). Nevertheless, we believe that fundamental properties of the turbulent TBBL can be reproduced because basic properties of turbulent boundary layers such as mean currents and stresses become approximately independent of Re when its value exceeds 10 3 (Coleman 1999) . The ellipticity of tidal current, which is defined here by the ratio between the major and minor axes, changes with Ro t . It is 2 when Ro t = 2 and 0.5, and 4 when Ro t = 4.
Results
After time integration of 30 tidal cycles under a constant heating, the turbulent kinetic energy and potential energy (buoyancy anomaly) fields get into a steadily oscillating state (not shown). Figure 4a , b show the vertical profiles of the production rate of the turbulent kinetic energy, P-term, and the conversion rate of the turbulent kinetic energy to the potential one, B-term (solid line), in case 12, respectively, which are defined by where (u ave , v ave ) = (u tide + u x,y , v tide + v x,y ). The P-term is dominant in the thin layer near the bottom the thickness of which is characterized by the laminar (viscous) bottom boundary layer thickness H tide (∼1.7 m in this case). This reflects that the turbulence is mainly produced in the viscous bottom boundary layer associated with the strong vertical shear of the background tidal current. On the other hand, the B-term increases upward from the bottom to have the maximum at z ∼ 9 m, and decreases toward the top of the domain after that. The weak local peak appearing near the top (z ∼ 15 m) is probably due to breaking of internal waves excited by turbulence in the TBBL. Corresponding to these profiles of the P-and B-terms, buoyancy anomaly b V x,y,t (z) is nearly constant below the height where the B-term has the maximum and increases upward until the top of the domain (Fig. 4c) . Therefore, it is reasonable to define the height of TBBL H tbbl by that where
the B-term has the maximum (indicated by cross in Fig. 4) , as in Sakamoto and Akitomo (2009) . Figure 4b also shows the total buoyancy flux multiplied by ρ 0 , B f (dashed line), It decreases almost linearly with depth, validating our assumption for the present scaling (Eq. (5)). Figure 5a shows H tbbl for all cases against the scaling given by Eq. 7 with C tbbl = 0.383, where the friction velocity u * is estimated from the last three-cycle average of the bottom stress (Table 1 ). (The friction velocity u * is not exactly proportional to U tide , but it decreases with B s by up to 25 % (Table 1 ; see Sect. 3.3), showing that some attention is needed to use U tide as a velocity scale.) As seen in this figure, a good agreement between the experiment and scaling (correlation coefficient of 0.98) proves that the scaling by Eq. 7 is valid for the height of the TBBL although it slightly underestimates H tbbl in some cases with Ro t = 4 and H = 10H tide = 11.7 m (solid red symbols in Fig. 5a ).
The scaling based on the buoyancy frequency (Eq. 9) also exhibits a fairly good agreement (correlation coefficient of 0.92; Fig. 5b ), where the buoyancy frequency N 2 is estimated from the profile of b V x,y,t (z) as, Whereas the agreement means validity of Eq. 9 on the whole, close examination shows that the model results lie on the two different lines depending on whether the water depth H is 10H tide (solid symbols) or 20H tide (open symbols), implying the systematic change of the buoyancy frequency with H. Indeed, because the buoyancy flux balance of κN 2 = B s z/H is expected to be established in the stratified layer, the buoyancy frequency N 2 z averaged over the stratified layer, which is evaluated by
decreases with the water depth H. It is consistent with the model result in Fig. 5b that the scaling (9) predicts larger H tbbl as H increases. Figure 6 compares the energy conversion rates, P i -and B i -terms, and the efficiency of tidal mixing ǫ between the model result and corresponding scaling (Eqs. 10, 11, and 13). The P i -and B i -terms in the model are evaluated by the integration of Eqs. 22 and 23 over the TBBL, namely, As seen in Fig. 6a , b, the model P i -term agrees with its scaling C P u 3 * with C P = 11.6 and the model B i -term does with its scaling C B B s H 2 tbbl /H with C B = 0.468. The efficiency of tidal mixing ǫ calculated by B iterm/P i -term in the model experiment is plotted against the scaling (11) with C BP ǫ = C B /C P = 0.0403 in Fig. 6c . Though slightly underestimating the model results for larger Ro t (2 and 4) and lower Re (less than 2000) with H = 10H tide (solid black and red symbols), the scaling (11) shows a fairly good agreement with the model result on the whole.
On the other hand, Fig. 6d compares the model ǫ with the scaling (13) using C ǫ (3.24×10 −3 ) evaluated by the best fitted values of C H (0.7), C P (11.6), C B (0.468), and C tbbl (0.383) for the scalings (4), (10), and (7). The model result is more scattered against the scaling (13) than the scaling (11). More specifically, whereas the scaling well agrees with the model result when H = 20H tide , it significantly underestimates the model result when H = 10H tide , particularly for Ro t = 4 (solid red symbols). This underestimation appears to be related with the fact that the scaling of H tbbl (7) is smaller than the model result (Fig. 5a) . Indeed, the scaling (11) using the model H tbbl gives the better agreement with the model result. Further discussion about discrepancies between the model result and scaling will be given in next subsection.
Discussion
Examining Fig. 6 carefully, we can find that the P i -term is small when the scalings of ǫ (11) and (13) underestimate the model result (red and black solid symbols). This indicates that the smaller P i -term is a possible cause for the underestimation of ǫ, and then we investigate the reason why the P i -term is smaller in these cases. . Note that Re = 3000 and H = 10H tide in both cases. While the model ǫ (1.7 %) is comparable to the scalings [1.6 % by (11) and 2.0 % by (13)] in case 12, it is larger in case 21 (4.9 %) than the scalings [3.9 % by (11) and 1.4 % by (13)]. In case 12 (Fig. 7a) , turbulent motion begins to develop before the background tidal current directs to the majoraxis at every half tidal cycle such as 30.0, 30.5, 31.0, and so on, and it continues till the current direction turns to the minor-axis. This long-lived turbulence satisfies the prerequisite to apply the scale argument to the model result on the tidal average.
In case 21 (Ro t = 4; Fig. 7b ), to the contrary, onset of vigorous turbulence is delayed to the time when the background current turns from the major axis to the minor one such as 21.2, 21.7, 22.2, and so on. Turbulence temporarily becomes much more intense than in case 12, but decays in a short time. Such intermittent and short-lived turbulence which makes the P i -term smaller inherently avoids the scaling based on the tidal average. The P i -term in case 21 (4.95 × 10 −4 W m −2 ) is less than one third of that in case 12 (17.6 × 10 −4 W m −2 ) while the B i -term is almost the same (2.44 × 10 −5 W m −2 and 2.95 × 10 −5 W m −2 in cases 21 and 12, respectively). It follows that the decreased P i -term may be a major factor to increase the efficiency ǫ in case 21. A similar tendency is found in cases with the short-lived turbulence.
There are some possible reasons why turbulent motion is short-lived, or the P i -term is smaller, in case 21 and others. Higher ellipticity of the background tidal current, i.e. the ratio of the major and minor axes which is equivalent to Ro t in the present study, can reduce turbulent intensity when the current directs to the minor axis. The shallower water depth H as well as higher surface heat flux can be another factor. As H decreases, the effective buoyancy flux B * s increases (Eq. (5)), and stratification is enhanced in the upper layer (e.g. Eq. 26). These factors effectively suppress turbulent motion, or the P i -term, in the TBBL. evaluated from model experiment against the scaling given by Eq. 11 with C BP ǫ = C B /C P = 0.0403, and d same as in c but for the scaling given by Eq. 13 with C ǫ = C 3 tbbl C B /C H C P = 3.24 × 10 −3 . Symbols are the same as in Fig. 5 On the other hand, it should be noted that enhanced stratification also act to increase buoyancy anomaly b ′ V . Therefore, the B i -term is less reduced or unchanged in cases with the short-lived turbulence although vertical velocity w ′ is suppressed.
Although the model P i -term is small on the tidal average in case 21, the intermittent turbulent motion itself is much stronger than the long-lived turbulent motion in case 12 (Fig. 7) . Indeed, isolines of b V x,y abruptly rises by more than 1 m synchronously with the intermittent turbulence (Fig. 7b) , whereas its rise is at most a few tenths of a meter in case 12. This may be a reason why the model H tbbl is larger than that the scaling (7) predicts, particularly for Ro t = 4 and H = 10H tide (solid red symbols in Fig. 5a ). It follows that the scaling of ǫ (13) underestimates the model result. Another difference is that the short-lived turbulence begins to develop when the background tidal current turns from the major-axis to the minor, whereas the long-lived one begins with the increasing background current velocity. Close examination reveals that the short-lived turbulence is excited by inflection point instability which develops in the decelerating phase as in the Stokes flow, which is an oscillating flow without Earth's rotation (e.g. Sakamoto and Akitomo 2006). Lower Re, higher B s , and shallower H tend to make turbulence weaker, and finally an inflection point appears in the vertical profile of the horizontal current when the tidal phase proceeds from a flood (ebb) tide to a slack. This is a possible mechanism of short-lived turbulence. Though, to our knowledge, this kind of turbulence has not yet been observed in actual seas, it may be possible when Ro t > 1, i.e. Earth's rotation is less effective.
Related to the intensity of turbulence in the TBBL, it is meaningful to point out the fact that u * decreases with B s , H, and Ro t even if U tide (or Re) is unchanged (Table 1) . For example, u * decreases from 5.83 × 10 −3 m s −1 to 4.48 × 10 −3 m s −1 (a decrease of 25 %) when B s increases from 0.467 × 10 −8 m 2 s −3 to 1.87 × 10 −8 m 2 s −3 (10-40 W m −2 ) in cases 34-37. This change is due to the shortlived turbulence occurring more frequently in case 34 than in case 37 (not shown). On the contrary, the decrease in u * is only 5 % in cases 11-14 where no short-lived turbulence occurs. Nevertheless, the scaling law presented here is still valid when U tide is used instead of u * although experimental results are somewhat scattered against corresponding scalings on Figs. 5 and 6 (not shown).
Summary
We have investigated what determines the height of the TBBL H tbbl in a shallow sea under a constant heating by scale argument and DNS experiment. Different from other boundary layers, it is peculiar to the TBBL that inputs of the buoyancy and turbulent kinetic energy are located on the opposite ends of the water layer. Because of this, the buoyancy flux at the top of the TBBL, i.e. the effective buoyancy flux, is reduced by a factor of H tbbl /H from that at the sea surface, where H is the water depth (Fig. 1) .
Taking it into account, we have obtained the scaling of H tbbl under a constant heating B s for the first time. That is, This scaling is reduced to that for a homogeneous sea H hom = C H u * /|σ + f | (Sakamoto and Akitomo 2008) when B s is set to zero, or the water depth is sufficiently large relative to H hom . In a shallow coastal sea where the water depth is usually much smaller than H hom , H tbbl can be approximated to where C tbbl (≡ C 2/3 NS ) is the empirical constant. H tbbl increases with H because increasing H reduces the effective buoyancy flux by putting the top of the TBBL away from the heating source at the sea surface. Using the scaling of H tbbl , we can obtain a simple expression for the efficiency of the energy conversion from the tidal turbulent kinetic energy to the potential energy of the water column, ǫ, as DNS experiment exhibits a good agreement with these scalings of the TBBL with C tbbl = 0.383, and the efficiency with C ǫ = 3.24 × 10 −3 although there are some exceptional cases with slow Earth's rotations (Ro t = 2 and 4), weak tidal flows (Re ≤ 2000), and shallow water depth (H = 10H tide ). In the exceptional cases, the scaling argument fails because intermittent and short-lived turbulent motion avoids assumption of tidal average. Therefore, the proposed scalings can be good measures of turbulent properties of the TBBL under a surface heating as long as the tidal average is physically meaningful. We expect that advanced observation technologies will reveal fine-scale turbulent properties to validate the present results. When the TBBL reaches the sea surface, the efficiency ǫ is given by C ǫ H hom /H. This means that the critical value of SH parameter log(H/U 3 ) which is an index of the position of tidal mixing front may increase with u * (U tide ) and decrease with |σ + f | and H. The variation range of ǫ from less than 1 to 7 % in the present experiment implies that the critical value of SH parameter may differ by nearly one, which is comparable to the observed difference around the world (e.g. Simpson and Sharples 2012) . A comprehensive review of observational data is needed about variability of the efficiency of tidal mixing.
A diurnal variation of surface heating and the horizontal component of Earth's rotation (Wakata 2013) may modify the present results by introducing temporal variations of turbulence within a tidal period. They will be important subjects in a future study, as well as the short-lived turbulence found in the present study.
Properties of the TBBL including SH parameter (position of tidal front) may be affected by various topographic and/or geometric features of individual coastal regions (e.g. Takeoka et al. 1997; Sun and Isobe 2008) . A general circulation
model may be a promising tool to investigate such a problem. Indeed, recent advances of modeling technology coupled with increasing computer resources have made it possible to effectively calculate the global circulation including tides (Sakamoto et al. 2013a, b) , and it will follow in the near future that fine-resolution models can reproduce the coastal processes in more detail than now. Nevertheless, it is inevitable to parameterize the turbulent mixing processes even in such a model. We hope that fundamental turbulent properties of the tidally induced bottom boundary layer obtained here will be helpful for improving reproducibility and accuracy of parameterization of turbulence.
